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Abstract 

. We extend the localization calculation of the 3D Chern-Simons partition function 

; over Seifert manifolds to an analogous calculation in five dimensions. We construct 

a twisted version of = 1 super symmetric Yang-Mills theory defined on a circle 
bundle over a four dimensional symplectic manifold. The notion of contact geometry 
plays a crucial role in the construction and we suggest a generalization of the instanton 
equations to five dimensional contact manifolds. Our main result is a calculation of the 
full perturbative partition function on for the twisted super symmetric Yang-Mills 
theory with different Chern-Simons couplings. The final answer is given in terms of a 
matrix model. Our construction admits generalizations to higher dimensional contact 
manifolds. This work is inspired by the work of Baulieu-Losev-Nekrasov from the mid 
90's, and in a way it is covariantization of their ideas for a contact manifold. 



1 Introduction 



In [T], a twisted version of 3D N = 2 supersymmetric Chern-Simons theory was defined for 
any contact three manifold M3. Any compact, orientable three manifold admits a contact 
structure and thus N = 2 twisted Chern-Simons theory can be defined for any such mani- 
fold. This theory is a non-dynamical extension of the standard Chern-Simons theory. In the 
case of a Seifert manifold (?7(l)-bundles over Riemann surfaces), the partition function of 
this theory can be calculated exactly using localization techniques and it coincides with the 
known results. 

On Seifert manifolds the BRST-exact Lagrangian of the theory is the action for twisted 
3D N = 2 supersymmetric Yang-Mills theory. Thus the partition function for Chern-Simons 
theory on a Seifert manifold can be interpreted in two ways, either as the partition func- 
tion of Chern-Simons theory or as the partition function of = 2 twisted supersymmetric 
Yang-Mills. It turns out that this story has a rather straightforward five dimensional gener- 
alization, and this is the subject of this paper. Our present work is inspired by the work of 
Baulieu-Losev-Nekrasov [2] and an earlier paper by Nekrasov [3]. In this work we concen- 
trate on the 5D theory, although many results have a straightforward generalization to any 
odd dimensional manifold admitting a contact structure. 

Let us briefly sketch the main idea. Consider a dimensional manifold with a G-bundle 
over it. Let A be a connection one-form on M^. Introduce other fields; is an odd (fermonic) 
one-form transforming in the adjoint representation, a is a real scalar, also in the adjoint. 
Finally is collection of odd (fermonic) differential forms with possible further restriction 
on them and is collection of even (bosonic) differential forms with possible restriction 
on them, both in the adjoint representation. If we pick a vector field v on then we can 
introduce the following complex transformations 

= ^ , 
6"^ = LvF + idAcr , 

5cr = -i i^^ , (LI) 

where we use the following notations: (1^ = d+[A, ] is the de Rham operator twisted by the 
connection, = + ] with being the Lie derivative along v and F = dA + AaA 
is the curvature two-form for the connection A. These transformations are defined in any 
dimension with a choice of vector field v. They satisfy the following algebra 

S^ = C, + G^, (L2) 

where G<i> stands for gauge transformation with parameter $ = icr — LyA and it is defined as 
follows 

G^A = dA^ , G^X = [X, $] , (L3) 
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where X stands for all fields transforming in the adjoint representation. With these trans- 
formations at hand, the natural question is which observables, if any, are invariant under 
them. It turns out that the construction of observables requires more structure on M^. We 
will show that if Md is an odd dimensional contact manifold then we can always construct 
a supersymmetric extension of different Chern-Simons terms. In addition, if Md is a U{1)- 
bundle over a symplectic manifold (this is a special case of a contact manifold), then the 
twisted supersymmetric version of 5D Yang-Mills theory can be chosen as the Lagrangian 
for the theory. The fields in this theory can be mapped to the field content of the standard 
supersymmetric = 1 Yang-Mils theory in five dimensions, and our theory can be thus be 
thought of as a twisted version of that theory. Also, in this case the partition function can 
be calculated using localization techniques. 

As an example of an application of the localization technique, we present the calculation 
of the full perturbative partition function on S*^, for the twisted supersymmetric Yang- Mills 
theory coupled to two different Chern-Simons terms. The result of the calculation is given 
by an interesting matrix model. 

The paper is organized as follows. In section [2] we review a setup of for doing localiza- 
tion of 3D Chern-Simons theory. We mainly follow the work [1], although we present some 
new observations and try to put the paper [1] in a wider context. In section [3] we con- 
struct the 5D analog of this story. We discuss supersymmetric Chern-Simons terms, the 
five dimensional analog of instantons and the construction of the twisted supersymmetric 
5D Yang-Mills theory. We also explain the necessary geometrical ingredient needed for the 
construction to work. In section H] we perform the perturbativly exact calculation of the 
partition function on S^. The result is given by a matrix model. This calculation admits 
numerous generalization which we briefly discuss in section [51 Section [5] also gives a sum- 
mary of the results and future outlook. In order to make the paper more readable we have 
collected many technicalities in appendices. Appendix [A] gives a short summary of the con- 
tact geometry we need in this paper and fixes different normalizations. In Appendix [B] we 
present generalization of supersymmetric Chern-Simons terms to higher dimensional contact 
manifolds. Appendix [C] collects the technical points related to the calculation on S'-'. 

2 3D gauge theories and contact structures 

In this section we review the twisting of 3D N = 2 supersymmetry and its relation to contact 
geometry in order to set the stage for higher dimensional generalizations. We will also discuss 
the relation between the different approaches to 3D Chern-Simons theory that has appeared 
in P, ^ and [5]. 
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2.1 3D Chern-Simons theory and twisted supersymmetry 

Let G be a compact, simple and simply connected Lie group. Let us consider the standard 
Chern-Simons theory 

ScsM) = ^jT^^(^A^dA+'^AAAAA^ , (2.1) 

Ms 

which is defined for a trivial G-bundle over M3. A is the connection one-form, and Tr denotes 
an invariant inner product on q, the Lie algebra of G. In order for the quantum theory to 
be gauge invariant we must impose that the level k is an integer; k G Z. 

Let us on M3 choose a contact structure, which can be defined by a contact form k, ^ 0, 
such that K, A dn ^ 0. We can always define a vector field v, known as the Reeb vector field, 
with the property l^k, = 1 and l^cIk, = 0. We can define the action 

Sgcss = j ^r(^AAdA+'^AAAAA-KA'^A'^-2KAdK L^'^a + kA duDa 
M3 

(2.2) 

where \Ef is an odd one-form, a is odd scalar, D and a are even scalars, and all these 
fields are in the adjoint representation of the gauge group. The exponent of this action is 
gauge invariant. Moreover, the action (12.21) is invariant under the following complex BRST 
symmetries 

6A = ^ , 

6"^ = LjjF + idAcr , 
5a = —i , 

Sa = + (a + D) , 

K AdK I 

6D = -2iC^a - 2\a, a] - 2i ^^^^^ + i l^^ . 

K Adn 



Originally in [T], the action (12. 2p and the transformations (12.31) were motivated and obtained 
from a twisting of the supersymmetry transformations on discussed in [6j. However, writ- 
ten in the present form, the action and transformations are defined for any contact manifold 
M3. Indeed, any three manifold admits a contact structure and thus this cohomological 
action can defined for any M3 upon the choice of a contact structure. Another observation is 
that the transformations (12.31) are the same as in (11.11) upon the following field redefinitions 

where now x is a fermionic zero-form and if is a bosonic zero-form. 
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2.2 A different version of 3D Chern-Simons theory 

The cohomological form (12. 2 p of the Chern-Simons action presented in the previous subsec- 
tion can be reformulated in different ways. Let us add the BRST-exact term 

Ssh% = Sscs^ + ^ / (5(2^«a ^ A d^)) (2.4) 

Ms 

to the action (12. 2p . The addition of this term does not change anything since 

j Tr {S^{2iaa k A dn)) = (2.5) 

and the partition function remains the same due to standard locahzation arguments. The 
new action (12. 4p has the form 

S^^Jg^ = ^ jTT(^A A dA+'^AAAAA-K A^-2iK A Fa- a\ A dnj . (2.6) 

Ma 

By construction, this action is invariant under the ERST transformations (12. 3p involving 
only A, \& and a. However, this action has an additional gauge shift-symmetry 

6A = ^K, 6a = -i^ , (2.7) 

where is an arbitrary function. This is manifest if we rewrite the action 5*^^^ as follows 

ScssiA - laK) - — [ Tt(kA^ Am . (2.8) 

4:71 J 

Ma 

The action (12. 8p is also invariant under the following symmetry 

A A , K -> e^K , \1' e~^/^\E' , a e~^a , (2.9) 

where / is a function on M3. Thus the action is independent of the contact form and depends 
only on the contact planes, ker(K) C TM3. 

If we integrate out the non-dynamical field a we get the following action 

^^g^^ = ^y"Tr f AArfA + ^AAAAA-KA* A*- (^^^^^ k A dnj , (2.10) 

Ma ^ ^ 

which appeared previously in the discussion of non-abelian localization by Beasley and Wit- 
ten [1] . Moreover, the action (12. 8p (without the shift of the gauge field) has appeared in the 
work by Thompson [5]. 

We can therefore conclude that one interpretation of the relation between the approaches in 
[T] and [1] is that the action (12. 2 p is the gauged fixed version of the model (12. 8p . We have 
introduced the additional fields a and D to impose the condition k A F = to gauge fix the 
shift symmetry. 



nnew 
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2.3 3D Yang-Mills theory and localization 

Now let us return to the transformations fl2.3p and discuss further possible observables. Let 
us choose a metric g on M3 such that for a p-form u we have l^* u = (— 1)'^ * (k A w). Such 
a metric always exists; see Appendix |A] for further explanations and conventions. 

We can write the following BRST exact term 

SsYM^ = y Tr A *M + 4a A *Ia)) , (2.11) 

M3 

which is not automatically BRST-invariant since 6^ ^ 0. However we can easily deduce 
that SSsYMs = if and only if C^g = 0. Thus the metric should be invariant under the 
Reeb vector field. This situation is realized when the Reeb vector field v corresponds to a 
f/(l)-action on M3 and thus when M3 is a Seifert manifold. The explicit form of Ssyms is 
given by 

SsYM3 = / Tr(F A*F + rf^cr A *dAO- + (a + D)"^ + 4a A *iC^a - [ia, a]) 

i (2.12) 

- ^ A *(i„dA^ - dALv"^ + [icr, ^]) - 4aK A c^a^) , 

which is the twisted N=2 supersymmetric extension of 3D Yang-Mills theory. Thus, on a 
Seifert manifold, we can consider the theory with action 

SscSi +wSsYM3 , (2.13) 

where w is the coupling for the supersymmetric Yang-Mills theory. Using the localization 
technique the partition function can be calculated for this theory. The first term in (12. lip 
imposes the conditions 

LyF = , (2.14) 
dAa = , (2.15) 

whereas the second term imposes the condition 

kAF = 0. (2.16) 

Combining the two we get the conditions 



F = 
dAcr = 



(2.17) 



We notice that there is no reference to the contact structure in these equations, and it turns 
out that the partition function coincides with the partition function of the standard Chern- 
Simons theory on Seifert manifolds. For further details, see [1]. 
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Alternatively, we can start from the action fl2.8p and use the multiplet fll.ip to impose 
the gauge condition k A F = 0: 

+ * / T. * (* A + 8x A * - f ) ) . (2.18) 

M3 

Again the BRST-exact term can be made BRST-invaraint on Seifert manifolds. Upon inte- 
gration of the non-dynamical field H, this BRST-exact term is just the twisted supersym- 
metric Yang-Mills theory given by equation fl2.12p (without the {a + D)^-term). As before, 
it can be used for a localization calculation of the Chern-Simons partition function and it 
produces the same answer. 

These two actions and two approaches are essentially the same and they are related by 
some field redefinitions and some BRST-exact terms. The first action (12.1 2p and trans- 
formations (12. 3p have its origin in supersymmetry [B], while the second action (12.180 and 
transformations (11.11) are motivated by more direct topological field theory considerations, 
and they are generalization of the construction in |2] to contact manifolds. 

As we have seen, there are many different ways of looking at the above three dimensional 
theory. The logic of the approach which most directly generalize to higher dimensions can 
be described as follows. First, with a choice of contact structure, we can decompose the 
space of differential forms into a horizontal part and a vertical part: 

(3 = Ly{KAf3) + KAL^f3 = f3H + f3v , f3eQ'. (2.19) 

We introduce the transformations (II. ID in order to localize the theory to a finite dimensional 
space. The first three lines of (II. ip will impose the condition that the vertical part of F 
vanishes, together with the condition that the field a is covariantly constant. The (x°,iJ°) 
multiplet is used to impose conditions on the horizontal part of F. In general, we write these 
conditions as G{Fh) = 0. In three dimensions, G{Fh) = Fh and we only need one scalar 
multiplet (x, H) to impose this condition. The Lagrangian of the theory is given by the 
second term in (12.180 . whereas the first term, the supersymmetric Chern-Simons functional 
(12. 8p . is a non-trivial observable in this theory. 

3 5D gauge theory and contact structures 

In this section we will generalize the 3D construction to five dimensions. Let us consider a 
5-dimensional contact manifold M5 without boundary. It means that M5 admits a one-form 
K 7^ such that k A dn A dn ^ 0. The Reeb vector field v is defined as l^k = 1 and iydn = 0. 
There are plenty of examples of five dimensional contact manifolds, see for example Chapter 
8 in [7]. 
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Following the logic described in the last section, we start by discussing which conditions 
we will impose on the horizontal part of the curvature. We then proceed with describing 
which observables we can define in the five dimensional theory. From now we always assume 
that M5 carries a contact structure and that it has no boundary. 



3.1 5D contact instantons 

As mentioned above, on a general contact manifold we can introduce the analog of vertical 
and horizontal decomposition of differential forms Q'{M2n+i) by using the projectors k A 
and {1 — K, A Ly). Let us concentrate on a five dimensional contact manifold M5 and pick 
up a metric g which has the property Ly{*Up) = (—1)^ * (k A Up) for any p-form Up. Such 
a metric always exists. Let us concentrate on two-forms Q'^{M^). Any two-form u can be 
decomposed into vertical and horizontal parts as follows 

OJ = {1 — hi A Ly)uJ + K A LyU = UJh + . (3.1) 

Moreover, horizontal two- forms Vl\j{M^) can be decomposed further as follows 

Uh = ^(1 + Ly*)u}H + ^(1 - I'V*)U}H = U}jj + U]j , (3.2) 

where 1/2(1 ± l^*) are projectors on Q'j^lM^) (remember that in 5D, *^ = 1 for all forms). 
Thus two-forms on a contact manifold M5 with compatible metric can be decomposed as 
follows 

n\M,) = nl{M^) © n^+(M5) © ^^"(Ms) . (3.3) 

These three spaces are orthogonal to each other with respect to the standard scalar product 
on forms 



(a,/3) = j aA*l3 . (3.4) 

Ms 

Let us now consider the curvature two-form F. The Yang-Mills action can be written as 
follows 

J Tr(F A*F) = j Tt{Fh A *Fh + Fy A *Fy) , (3.5) 

Ms Ms 

where F^ = ^^(k A F) is the horizontal part of F and Fy = n A t^F is the vertical part. 
Furthermore, the horizontal part can be decomposed into F^ = 1/2(Fh ± l.v{*F)) and we 
have the following identities 



J Tr(F| A *F|) = ^J Tt{Fh A *Fh) ±^ J Tt{k A F A F) . 



(3.6) 



Ms Ms Ms 
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Using the identity a? + h"^ > \a? — and fl3.6p we get the following bound 



Ti{Fh a *Fh) > 



Ms 



Tr(K A F A F) 



Ms 



(3.7) 



which can be combined further with (13. 5p to obtain the following bound on the 5D Yang-Mills 
action 



j Tr(F A *F) > J Tt{k A F A F) 



(3.^ 



Ms Ms 

This bound is saturated if and only if F^ = and Fy = 0. We will refer to these conditions 
as a contact instanton. The bound (13.81) can be written for any contact manifold M5 and 
it represents an analog of the standard 4D-bound for the Yang-Mills action. However there 
is an important difference, since the term on the right hand side of (13. 8p is not a proper 
topological term. 

The conditions for a contact instanton F^ = and Fy = can be equivalently rewrit- 
ten as follows 

i,{*F) = tF . (3.9) 
Alternatively, equation (13. 9p can also be written as 



K A F = =F * F . 



(3.10) 



The above equation implies LyF = and it corresponds to a "normal" instanton in the con- 
tact plane. In the next section we discuss the 5D theory which localizes on contact instantons. 



We have little intuition about contact instantons, but it seems that they are not a triv- 
ial generalization of 4D instantons. As an example, let us consider the canonical contact 
structure k on 

K = dz + Xidyi + X2dy2 , (3-11) 

where {xi,yi,X2,y2, z) are the coordinates on M^. The Reeb vector field is v = dz and 
n Adn Adn is a, canonical constant volume form on M^. However, the metric compatible with 
the contact structure is not a standard fiat metric, but the following metric 

g = dxi ® dxi + dyi ® dyi + dx2 ® dx2 + dy2 ® dy2 + k ® k . (3.12) 

This metric is non-constant and the corresponding contact instanton equations do not reduce 
to a 4D problem. In any case, these equations will require further proper study and we leave 
it for the future. 
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3.2 5D Yang-Mills theory and localization 



The 5D version of the transformations fll.ip we will use in order to localize our theory to 
contact instantons are given by 

= ^ , 
5^ = LyF + idA(T , 

Sa = -i , (3.13) 

Sxjj = , 

where Xh ^ fermonic two-form in ^^(Ms) and is a bosonic two-form, also in ^^(Ms). 
There is one tricky point here. Unless we assume that commutes with the Hodge-star 
(namely, C^g = so that v is an isometry for the metric g), C^Xh ^'^^ t)e in ^^^(Ms). 
However, assuming that C^g = 0, we have consistent transformations fl3.13p which square to 
Cy plus a gauge transformation. 



On a contact manifold M5 with the choice of a compatible metric we can write the fol- 
lowing BRST-exact term 

SsYMs = y Tr (^46ixi A *iF^ - ^H+) + *M)^ . (3.14) 

Next we would like that the BRST-exact action fl3.14p is BSRT-invariant. For this again we 
need the condition that C^g = and thus the Lie derivative Cy goes through the Hodge star 
and we get SSsyms = 0. Working out explicitly the action f l3.14p and integrating out H'^j we 
arrive at the following action 

SsYMs = [ Tr(F A*F + KAFAF + dAaA *dAa + 2xjjA* {C^Xh ' Xh]) 

(3.15) 



Ms 



* A * {LydA^ - dAiv^ + [i(T, - ^xt A *rfA^) 



where we have used the relation 03. 5p . Thus, the action f l3.15p is a twisted version of super- 
symmetric 5D Yang-Mills theory. The field content of this theory can be identified with the 
field content of physical N = 1 5D supersymmetric Yang-Mills theory. The fermionic fields 
(\E', x~h) present model have 5-1-3 = 8 components which is the same as a Dirac spinor 

in 5D. We will comment more on the relation between physical = 1 SYM on and the 
present twisted supersymmetric Yang-Mills in subsection 13.51 

By standard localization arguments, the action (13.140 can be used to localize the 5D theory 
to solutions to the equations 

" (3.16) 
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3.3 Chern-Simons type observables 

3.3.1 Lifting 3D term to 5D 

Since on a contact manifold M5 there is a two form ci/t, we can lift the 3D Chern-Simons 
action (12 .ip to 5D in the following trivial fashion 

Scs3,2i^) = jTT(^dKA{AAdA+'^AAAAA)^ , (3.17) 

Ms 

which can be equivalently written as 

Scs,,M) = y"Tr(KAFAF) . (3.18) 

Ms 

Now we can put any coupling in front and it does not require any quantization condition. 
The supersymmetric version of SCS32 ^ simple lift of the 3D action (12. 8 p to 5D, 

Sscs3.2 = Scs,,M - - y Tr (rfK A K A ^ A ^) , (3.19) 

Ms 

which can be rewritten as follows 

Sscsz.2 = J Tr{KAF AF -dnAKA'^H A^ - 2idK AnAFa-a^nA [dnf) . (3.20) 

Ms 

One can easily check that this action is invariant under the transformations (I3.13p . and the 
properties of the contact structure plays a crucial role for this invariance. In addition, the 
above action has the shift symmetry (12. 7p . 

3.3.2 5D Chern-Simons 

Next consider the standard five dimensional Chern-Simons action 

ScsM) ^ 



247r2 

Ms 



j i:i(^AAdAAdA+^AAAAAAdA + ^AAAAAAAAA^ ,(3.21) 



where k G Z according to the standard arguments. Following our previous discussion it is 
easy to write the supersymmetric extension of this action: 

Sscs, = ScsM - ^<^^) - ^ / Tr (^ A ^ A K A F(A - lan)) . (3.22) 



Ms 



This action is invariant under the transformations (I3.13P and it has a shift symmetry. We can 
construct similar supersymmetric Chern-Simons actions in higher dimensions, see Appendix 
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[B]for explicit expressions. 



There is a crucial difference between the two observables fl3.20l) and fl3.22p . The latter 
one depends only on the contact structure, but not on the concrete contact form n. This is 
since the action fl3.22p has the following symmetry 

A ^ A, K ^ e^K, e~^/^^ , a e"V , (3.23) 

and thus it depends only on the contact planes, ker(K) C TM^. This is not true for the 
action fl3.20p . and consequently this observable is not topological since it depends on the 
chosen contact form. 

Now by having different supersymmetric actions SsYM-i,2^ Sscss and Ssyms we can com- 
bine them and get other invariant actions. For example, we can study the combination 

Sscs3,2 - SsYMs = - j Tr(F A *F + d^c^ A + ScrVolg + 2idK A k A Fa A ) ,(3.24) 

Ms 

where the dots stand for the terms involving fermionic fields. One can proceed further and 
construct other terms and actions which will be invariant under twisted supersymmetry. 

3.4 Aspects of contact geometry 

In the previous subsections when we were constructing the theory we came up with the num- 
ber of conditions on the contact manifold M5. Namely, we need a contact manifold M5 with a 
metric g such that this metric is compatible with contact structure (t„(*a;p) = (— l)^*(fi:Aa;p)) 
and moreover we have to require that C^g = 0. The last condition indicates that the Reeb 
vector field v should correspond to a [/(l)-action. Thus the natural question to ask is if 
there are any examples of five manifolds M5 where all these conditions are satisfied. Indeed 
there are a plenty examples, given by f/(l)-bundles over symplectic four manifolds with an 
integral symplectic form. 

Let us explain this construction which is due to a well-known theorem of Boothby and 
Wang [S]. Consider a bundle 

M2n+i ^ 

(3.25) 

over a symplectic manifold T,2n with a symplectic form u such that u G if^(M4,Z). The 
Boothby- Wang theorem states that we can choose the contact structure k 7^ on M2„+i such 
that K is a connection one-form on this bundle M2„+i and Ti*{dK) = u. The Reeb vector 
field V corresponds to the S'^-action on M2„+i. Therefore it is easy to construct an invariant 
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metric with the required property. 

A simple example of this theorem is given by the Hopf fibration 

(3.26) 

On CP2n we choose the standard symplectic form associated to the Fubini-Study Kahler 
metric. The induced contact structure on S'^"'^^ is called the standard contact structure on 
the unit sphere 5^"+^. If we think of 5^""*"^ as a unit sphere in M^^+^j then upon choosing 
Cartesian coordinates {xi,yi, ■ ■ ■ ,Xn+i,yn+i) on we define the one-form 

n+l 

^ = ^i^jdyj - Vjdxj) . (3.27) 
i=i 

This one- form induces the standard contact form k on unit sphere S*^""*"^. This contact form 
is a connection for the Hopf fibration. The orbits of the corresponding Reeb vector field are 
the fibers of this fibration. In section H] we will do an explicit calculation for the case of S"^, 
which is understood as S'^-fibration over CP2- 

One can construct many more examples, by choosing to be a Kahler manifold with 
integral Kahler form, so that Tj2n is a Hodge manifold that can be realized as an algebraic 
variety in projective space. 

3.5 On twisted supersymmetric Yang-Mills in the flat case 

In this subsection we would like to comment on the relation with the standard = 1 5D 
supersymmetric Yang-Mills and related issues. 

If we consider the case when M5 = S4 x 5*^ is a trivial bundle, then beside using a 
contact structure we can use something weaker. Namely, introducing a coordinate t along 
we can take k, = dt and v = dt. In this case dn = identically. All of our previous 
discussions goes through for this situation, since we only need to use the properties l^k = 1 
and Lydn = in subsections 13.3.11 and I3.3.2[ However, now the terms with dn in the dif- 
ferent expressions are identically zero. In subsections 13.11 and 13.21 we should use now the 
obvious notion of vertical and horizontal decomposition given hj n = dt and v = dt- Indeed, 
this situation was discussed in Nekrasov's work [3] and in the Baulieu-Losev-Nekrasov work 
[2]. With the choice k = dt and v = dt the compatible metric g is the block diagonal one 
and the condition C^g = says that it is independent of the S'^-coordinate t. For the case 
M5 = X S*^ (or M5 = M X M^) with the flat metric we will recover the theory which can be 
thought as a topological twist of the A^ = 1 supersymmetric Yang-Mills action. The action 
will be the same and the field contend can be easily mapped, since a Dirac fermion can be 
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decomposed into \1/ and Xh- 



Even in the case of we can consider the case of canonical contact structure (13.111) and 
take a compatible non-flat metric metric (13.121) . In this case the BRST-exact term (I3.15P 
will correspond to 5D Yang-Mills theory with a non-fiat metric and the supersymmetric 
extensions of the Chern-Simons actions are different compared to the case discussed above. 
Moreover, unlike the 3D case, the contact structure enters more drastically in the 5D story. 
For example, the localization equations (I3.16P depends on the contact structure. In the gen- 
eral 5D case, it is an interesting question how much the partition function and expectation 
values of different observables feel the choice of contact structure. We leave this subject for 
future studies. 

The main point of the above discussion is that on manifolds which has a product struc- 
ture, for example M5 = x M4, we can have different choices of k and v which fulfills our 
requirements to have a consistent theory. Choosing k = dt and w = ^, our construction is 
the same as in [3], whereas choosing /t and v to be a contact structure and the Reeb vector 
field we enter unexplored territory. Moreover, the construction with a contact structure has 
an obvious generalization for non-trivial S^-bundles. 

4 Partition function on 

Our goal is to calculate the full perturbative partition function for the theory 

Z{w, k,s) = j exp {iwSscs3,2 + ^Sscs, + sSsym^) (4-1) 

defined over 5*^. The final result will be presented in terms of a matrix model. Due to 
standard arguments the partition function will be independent of s, since it enters in front of 
a (5-exact term. We calculate Z by sending s to infinity together with standard localization 
arguments. Here s carries dimension, so we should use the radius R of the sphere and write 
s = sR~^. Thus we will send to infinity the dimensionless parameter s. The parameter w 
here is also dimensionfuU and it will introduce a dependence of the radius of S^. To avoid 
cluttering in the formulas we set i? = 1 and we can easily reintroduce the /^-dependence 
in the final result, li w = then we calculate the partition function of a supersymmetric 
version of 5D Chern-Simons theory, which is supposed to be a topological field theory. 

4.1 Reminder of localization 

In general, the calculation of the expectation values of (5-closed, gauge invariant observables 
can be computed in the standard way by using the localization technique for path integrals. 
This technique is an infinite dimensional generalization [HI HO] of the Atiyah-Bott-Berline- 
Vergne localization theorem [TTl [12] , which we for completeness now briefiy review. Let M 
be a manifold which admits an action of a compact group "H, and let the action on M be 
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generated by the vector field v. We then consider equivariant differential forms, that is, 
differential forms with values in the Lie algebra of "H, invariant under the action of v. We 
form the equivariant differential Q = d — (j)"'iv<^, where d is the de Rham differential, 0"^ 
is a parameter for the action. We have = — {/)'^£„a, and hence Q is a differential when 
acting on equivariant differential forms. Consider now a Q-closed equivariant form a. The 
localization formula says that 



/ 



J e{NY) 

M Y 

where Y G M is the set of zeros of the vector field v, and e(A^y) is the equivariant Euler 
class of the normal bundle of Y. In the case where y is a set of discrete points, the formula 
reduces to 

/a = V^S^, (4.3) 
where Lp is the action of "H on the tangent space at the point p. 

In our situation, M corresponds to the space of fields and a is any product of the ob- 
servables defined in section [31 As we will see below, after gauge fixing, the group "H will 
correspond to U{1) x G, where G denotes the group of constant gauge transformations. The 
subset y of M is by construction given by the solution to the set of equations 

modulo gauge transformations. 



On S^, the trivial connection is an isolated point in the space of solutions to the equa- 
tions (14. 4p . since the first cohomology group of is trivial. We will below compute the 
contribution to the expectation value of the observables defined in section 12] coming from 
this point in the space of solutions to (14. 4p . The computation we will do is very similar to 
the ones performed in [H |U [131 El; with a matrix model as the end result. However, in 
the 5D theory the one-loop determinant will give an extra factor in the matrix model as 
compared to the 3D theory. We will be rather brief below and only explain the main points 
and giving the end result of the calculation. For details, we refer to appendix O 



4.2 Gauge fixing 

Before we can do calculations, we must gauge fix the theory. As shown in [21 [T3], we can 
always introduce the standard set of ghost fields together with BRST transformations, and 
combine this BRST symmetry with the transformations S defined in (I3.13p . This combined 
transformation is denoted Q below. We introduce the set of ghost fields c, c, b, ao, do, cq, bo, cq 
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and transformations 



QA = + dAC , 

= kF + idA + c] , 

QHjj = L^x^H - XV\ + [Ht. o] , (4.5) 

Qc = ao- {ia - i^A) - -[c, c] , Qc = b , Qdo = cq , Qbo = cq , 

go- = -i i^vl/ + G^cr , Qb = Ci,c + GaoC , Qco = GaoOo , Qco = Gaabo ■ 

Qao = 

The fields c, c, 6 are the standard ghost and Lagrange multipher fields, whereas ao, oq, bo are 
even zero modes and cq, cq are odd zero modes. Q fulfills = + Gag on all fields. As 
shown in [H [T3] , we can impose the gauge condition 

rfM = , (4.6) 

where d^ is the adjoint operator to d using the inner product defined by the Hodge star, by 
adding a Q-exact term to the action in the standard way. 

4.3 Summary of calculation on 

We can interprete Q as an equivariant differential acting on a supermanifold with even coor- 
dinates {A,ao,bo) and odd coordinates (x//,c, c). The group used to define the equivariant 
differential is U{1) x G. The parameter for the G transformations is a field in our theory, 
denoted by ao, which we integrate over separately. We want to compute the gauge fixed 
version of (14. ip . The gauged fixed version means that there is a gauge fixing term added to 
the integrand and the integral is over all fields appearing in (14. 5p . Using localization, this 
infinite dimensional integral reduce to an integral over the space of solutions to the equations 
(14. 4p . On S^, the trivial connection is an isolated point in this space and we can split up Z 
into contributions coming from this point and the rest: 

Z = Z{o} + Znp . (4.7) 

Below we will compute the part Z^oy. 

For the trivial connection, the solution to the second equation in (14. 4p is given by 

a = constant , (4.8) 

that is, (T is a constant field taking value in the Lie algebra q. Putting together all ingredients, 
it was shown in detail in [1] that Z{o} will be given by the integral 



Zm = p^^ll^ / m n "('^) , (4.9) 
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where the integral is over the Cartan subalgebra t of the Lie algebra g. /3 denotes the roots 
of the Lie algebra q, and ( , ) denotes the natural pairing between g and g*. a{(j)) denotes 
the integrand in fl4.ip evaluated at 



cr = constant , 
All other fields = 



(4.10) 



and we have denoted ia = (p. \W\ denotes the order of the Weyl group of G, T denotes the 
maximal tours of G, h{(j)) denotes the one-loop determinant. In appendix [C] we show that 
h{(f)) is given by 



I3>0 



Sm TTX 



TTX 



1 2 



(4.11) 



Here Cg is the dual Coxeter number of g, ( is the Riemann zeta-function and 



X 



271 



— + xHn(l - + -xLi2(e-2™) + 

3 vr 2tt^ 



Li3(e-2-- 



03) 
27r2 



(4.12) 



In order to calculate a(0), we need to evaluate the observables defined in (13.201) and (I3.22p 
at the trivial solution to (14. 4p . We find 



(4.13) 



w Ti J K A dK A dK (f)"^ = w Tr0^ , 

k f k 

Tr / KAdKAdK(j)^ = ,r-^Tr0^ 



247r2 



and the integrand in (14. ip is given by 

a(</)) = exp 

The final expression for (14. 9 p is thus given by 
Z{o} = A j\d(t)\ exp 

where A is a constant 



247r2 



iw Tr</)2 + ^^Tr</)3 



(4.14) 



^^ + Cg|^)Tr0^ + ^Tr0^ 



■ JJ[2sin(7rx)]'-e^(") 

/3>0 



(4.15) 



\W\ Vol(T) 
and X and f{x) are defined in (I4.12p . 



^ ^ 1 Vol(G) _ ^^Ag-AgC'(-2) 



(4.16) 



17 



Let us make a few final remarks on the answer (14.151) . It is possible to introduce all pa- 
rameters in the final answer. Assuming that we have a sphere of radius R and Sscy3 2 
has a dimensionfuU parameter w then the final answer, modulo overall factors, is 

■ JJ [2sin(7rx)]' -e^^") , (4.17) 

I3>0 

where now now is a dimensionless combination. We remember that the field a carries 
dimension and we should use R to get a dimensionless combination. If we set w = 0, then 
we get the perturbative partition function for the supersymmetric version of 5D Chern- 
Simons theory and there is no dependence on R, as expected since this is topological field 
theory. 

5 Summary and outlook 

In this work we have constructed and studied 5D gauge theories which are invariant under 
the twisted supersymmetry transformations (I3.13p . Contact geometry plays a crucial role in 
our construction. In particular, we have constructed a twisted 5D Yang-Mills theory with 
different Chern-Simons couplings defined over S'^-fibrations of four dimensional symplectic 
manifolds with integral symplectic form. The field content of our theory can be mapped to 
the field content of a five dimensional supersymmetric gauge theory with eight supercharges, 
which in five dimensions is = 1 supersymmetric Yang-Mills theory. The study of = 1 
supersymmetric Yang-Mills theory was initiated in [15] and have attracted some attention 
during the last years. Our theory can be understood as some version of a topological twist 
for this physical theory. The implications of our study for the physical theory are unclear to 
us at the moment. 

Our work is a generalization and covariantization of previous works by Nekrasov [3], by 
Baulieu, Losev and Nekrasov [2] and of earlier works by Nair and Schiff [161 However, 
there is an important difference in that our construction can handle non-trivial S'^-bundles 
over symplectic four manifolds. An example of such a manifold is S^, and for this manifold 
we have calculated the full perturbative partition function. It is difficult to produce the full 
non-perturbative answer since this requires an understanding of how to handle instantons 
over CP^. Our perturbative calculation can be generalized straightforwardly to other S^- 
fibrations with trivial H^{M^^ M), so that the trivial connection is an isolated flat connection. 
With non-trivial H'^{M^,M) our calculation should be modified. 

Beside concentrating on SsYhhi our calculation is also related to two Chern-Simons the- 
ories in 5D, Scsz,2 ^ud Scs^- For trivial bundles these theories were discussed in the above 
mentioned papers and in particular there is an interesting analog of four dimensional WZW- 
theory discussed in [IB] . Unfortunately, not much is known about 5D Chern-Simons theory. 
Even the perturbation theory is not straightforward to construct and study. 



^{0} 



[dip] exp 



I I wR + Cg— ) Tr0 



ik 
24^ 
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There are many interesting results in contact geometry which should have interesting im- 
pact on generalizations and extensions of our analysis. Let us mention one example of this 
situation. In the future we indent to study the present model on M3 x T^. This manifold 
admits a T^-invariant contact structure [19]. For the physical = 1 Yang-Mills theory, a 
similar analysis was performed in [20] for the case when M3 = M^. In particular, it would 
be interesting to study Scs3,2 '^^ ^3 ^ There is no quantization condition for Scs3,2 
moreover, the final answer for this 5D model should behave nicely under the modular group 
of T^. This may lead to interesting invariants of M3. 
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A Summary of contact geometry 

An odd dimensional manifold M2„+i is called a contact manifold if it admits a contact 
structure which is a maximally non-integrable hyperplane field ^ = ker k, C TM2n+i- The 
differential one-form k is required to satisfy 

K A (rffi:)" ^ . 

Such a one- form k is called a contact form. The pair (M2„+i, ^) is called a contact manifold. 
We can always define a vector field v with properties l^h = 1 and iydn = 0. Such a vector 
field V is called the Reeb vector field. We can change k — )■ e-^K, where / is a function on 
M2n+i- Under such a change the contact plane ^ = ker k does not change and this is under- 
stood as the same contact structure. However, the Reeb vector field will change in rather 
complicated fashion. Contact geometry and contact topology is a booming area of research, 
see [7| for a nice modern introduction to the subject. 

On a contact manifold M2„+i we can always choose a metric g compatible with the con- 
tact structure such that the following is satisfied 

iy{*ujp) = (-1)^* {nAujp) , 

where Up is p-form and * is the Hodge star operation corresponding to the metric g. The 
above property can be easily written in local coordinates as follows = g^^v'^. The volume 
forms corresponding to the metric g and the contact structure are related as follows 

(-1)" 

voL = ^ A (dnr . 

^ 2"n! ^ ^ 

For the proof of the existence of a compatible metric and other related properties the reader 
may consult the textbook [21] . 
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B General Chern-Simons terms 



Let us discuss the case of supersymmetric Chern-Simons terms in higher dimensions. For 
concreteness we discuss only the 7D and 9D cases. Further generahzation to higher dimen- 
sions are straightforward. The standard Chern-Simons action on M2n-\-i can be defined as 
follows 



i 

Scs2^+^ (A) = (n + 1) j j s^dsTi {A A {dA + sAA Af 



(B.i: 



where we introduce the auxiliary parameter s. On a seven dimensional manifold M-j we can 
construct the following observable 

Sscs-r = Scs^iA - ian) - j Tr(^4[^ A ^ A F{A - ian) A F{A - ian) 



Mt 



+ -^' A F{A - ian) A ^' A F{A - ian)] An- ^A^^A^A^AkAc/k 
and on a nine dimensional manifold Mq have the observable 



(B.2) 



Sscs. ^ ScsAA - - /t<5|* a * a - A FiA - A FiA - 



Mg 



A F{A - iuK) A F{A - iaK) A ^' A F{A - ian)] A k 
-S^A^A^A^A F{A - ian) AnAdn 



(B.3) 



The actions Sscs? s-nd Sscss are invariant under the transformations (11.11) assuming that k 
is a contacts form and v is the corresponding Reeb vector field. Moreover the actions Sscsr 
and Sscsg have an additional gauge shift-symmetry 



SA = ^K 



5a = -ii . 



(B.4) 



C Computation of the 1-loop determinant 

The computation of the 1-loop determinant goes along the same lines as the computations 
in [H m [131 mj . As explained in the main text, the transformations (14. 5 p can be interpreted 
as an equivariant differential acting on a supermanifold with even coordinates (A, oq, 6o) and 
odd coordinates (x,c, c). In this appendix we will compute the determinant appearing in 
(14. 9p . namely the determinant of the operator 

L^:=Ci, + G^ (C.l) 

acting on the tangent space of the space of fields. is the Lie derivative in the direction 
of the Reeb vector field, and denotes the adjoint action with parameter G t. This 
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determinant will be a function of 0, and it is denoted by h{(f)). 

The tangent space to the bosonic part of the space of fields is given by 

n\S',g)®H\S\Q)®H\S\g) , (C.2) 

where H^{S^, g) denotes the space of harmonic zero forms with values in the Lie algebra g. 
The fermonic part of the tangent space of the space of fields is given by 

n'+{s', g) © n\s', g) © 0) , (C.S) 

where denotes the space of horizontal, self-dual two-forms. Since is a 5*^ fibration 
over CP^ with connection k, and CP^ is a Kahler manifold, we can use these geometric 
structures to decompose the space of differential forms. Choosing a complex structure and 
a symplectic structure, we can we can decompose the spaces fi^ and as 

=nv © ' 

n2+ _r,2 ^ r,(2,o) ^,(0,2) (C-4) 

where Qy denotes the part of the one-form along k, (the vertical part) and fl"^ denotes the 
part of the two- form along the symplectic form u. That is, a one-form and a horizontal, 
self-dual two-form can be written as 

Since the operator respects this decomposition, the determinant we are computing can 
be written as 



'det^(i,o)L„ ■ det^(o.i)L^ ■ (det^oL^) 

detf^i^L^ ■ detQoL^ ■ {detnoL^y 

1 

det^o{iLrj) ■ det^2,o [iLcr) \ ^ 1 detf7o(— iLo-) ■ detf^o,2( 



det^i,o{iL„) J y det^o,i{—iL„) j detnoL 




(C.6) 



Here we have inserted a factor of i, since the operator iL^ has real eigenvalues. Since the 
eigenvalues can be both positive and negative, there is a possibility of a non-trivial phase of 
and we write 

M0) = e-^''IM0)l • (C.7) 

Here t] is defined by 

r/ = ^sign(A), (C.S) 
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where A are the eigenvaules of iL^. The factor rj needs regularization. In the standard way, 
we define 

r/(s) = ^sign(A)|A|-. (C.9) 

A 

Below, we will carefully evaluate this expression at s = 0, and find a 0-dependence. It will 
therefore contribute non-trivially to the matrix model. 

To compute the above determinants, we need to decompose the spaces of horizontal dif- 
ferential forms into eigenspaces of the operator £„. Following [3], for a manifold M which is 
a [/(I) fibration over a base manifold S, we can do this in the following way: 



n-HiM, s) = ® g) n'{^, g) . 



(C.IO) 

Here C denotes the line bundle associated to the U{1) fibration. For each element £ 
0*(E, (g) g), acts as 

£,6 = 27rzt6 • (C.ll) 

All fields, also the connection, transform in the adjoint under a gauge transformation with 
a constant parameter. We can decompose the Lie algebra into root spaces, 

5 = 00/3, (C.12) 

/3 denotes the roots. On g/3, [0, ] has eigenvalue i{(f),f3), where ( , ) denotes the pairing 
between the Lie algebra and its dual. The eigenvalue of each mode ^t,i3 £ £* ® g^) is 

thus 

Xt,fs = 2mt + 13) , teZ. (C.13) 

To determine the cancelation between the nominator and denominator in (lC.6p . we use the 
Atiyah-Singer index theorem. Inspection of (1U.6P shows that the number of left over modes 
for each t will be given by the index of the operators 

dv : V^) fi^^'^^S, V) -> ^](°•2)(S, V) , 

that is, the Dolbeault complex twisted by the line bundle V = £*. The Atiyah-Singer 
theorem says that the indices of the operators By and dy are given by 



md{dv) = j Td(TM+) A c\i{V) , 
md{dv) = (-1)^ J Td(rM-) A ch(y) 



(C.15) 
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where n = dimE, TM^ denotes the holomorphic and anti-holomorphic tangent bundles, 
Td(X) denotes the Todd class of the vector bundle X and ch(l^) denotes the Chern charac- 
ter of the vector bundle V. 



We can write out Td(TM^) and ch(y) in terms of Chern classes. We denote the n'th 
Chern class by We find 

Td(TM+) = 1 + ^ci(TM+) + ^ (ci(TM+) A ci(TM+) + C2(TM+)) . . . 

Td(TM-) = (-l)t (^1 - ^ci(rM+) + ^ (ci(rM+) A ci(TM+) + C2(TM+)) . . }j (C.16) 

ch{V) = 1 + c,{V) + ^c^{V) A Ci{V) + ... 
where the last expression follows since V is a line bundle in our case. We therefore find 
ind(ay) = ^ h(TM+)2 + C2(TM+)] + ici(TM+) A c,{V) + ^c^iVf^ 



. 3 1 
1 + -t + -t 



2 



ind(9^) = 1^ (1 h(TM+)2 + C2(TM+)] - ^ci(TM+) A c^{V) + IciiVf^ 



(C.17) 



3 1 



= l--t+-t^ . 
2 2 

In the last step we have used that on S = CP^, the total Chern class is written as c{TM~^) = 
(l+o;)^, where u is the Kahler form normalized so that the integral of gives 1. We have also 
used that the first Chern class for the line bundle V = is given by ci(£*) = tci(£) = toj, 
since for line bundles, the first Chern class is multiplicative. For a nice review of the Atiyah- 
Singer index theorem and related matters, see for example [22] . 

C.l Calculation of the absolute value of h{4>) 



Combining (IC.6p . flC.lOp . flC.131) and fIC.lTp . we find that the absolue value of h{(j)) is given 
by 

1^(0)1 = n n (2^^^ + ^)) ■ n (^^^^ + f^^^"^ ■ (c-^^) 

We can evaluate the products over t by using (^-function regularization. The Riemann zeta- 
function is defined by 

The sum is convergent for Res > 1, and is defined by analytic continuation for other values 
of s. 
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The first term in (IC.lSp we can write as 

n n (2-^ + ^(^^ p)) = n (2-^)'^^ ■ n n - ^) 



2\ 2 



X 



/3>0 t>0 



(Ml 

2n ' 



(C.20) 



where we have disregarded factors of since we are computing the absolute value of the 
determinant. Ac denotes the dimension of the G. Using the formula 



n/ sin(7rx) 
i ~¥ J Tlx 



and that 



J]t = e^*>oi"* = e-«'(°) = (27r)5 , 



Y[27lt = l 



t>0 



we evaluate the first term in (IC.lSp to 



n(/5 

/3>0 



2 sin 



The second factor in (IC.lSP we can write as 



/3>0 t>0 



t>0 



2\ * 



X 



27r 



With the same method as above, the first factor evaluates to 

J](27rt)^«*'=e-^««'(-2) , 



iC.21] 



(C.22) 



(C.23) 



(C.24) 



(C.25) 



where we have used the value C(~2) = 0. The second factor we can write as n/3>o with 

f{x) = J2tHn(^l-^^ . (C.26) 
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We evaluate this sum by taking the derivative with respect to x: 

.3 



X" 



t2 - x2 

t>0 t>0 



X 



2 ■ — ] - 2-x 



^3 



;i - 7ra;cot(7rx)) (C.27) 



2 J 2x2 

TTx'^ cot(7ra;) 



/(x) = -— + x^ ln(l - e-^'^") + + ^\ ^ — - + constant . 

3 71 2n^ 



We can fix the integration constant by demanding that ( 1C.26P and the above expression 



gives the same Taylor expansion around x = 0. That gives us constant = — So we find 



e^(") , X 



2tt ' 

/3 t^o /3>o 28) 

We notice that /(x) — )■ — oo when x — )■ ±1, whereas for — 1 < x < 1, f{x) can be expanded 

as 

i2A; 



/(x) = y (-i)^'_-L^^x(2+2'=)7r2'= , (C.29) 
' {2 + 2k){2k)\ ' ^ ^ 

where Br, are the Bernoulli numbers. 



In summary, we have shown that the absolute value of the product of determinants in (1C.6P 
is given by 



sinfyrx' "' ^ 



■ e^(") X 



{(3 A) 
2tt 



m)\ = e-^oCi-2).Y[ 

/3>oL '''' J (C.30) 
/(X) ^ + x^ ln(l - e— ) + + ^-3(e---) _ ^ _ 

6 TX ITl 111 

C.2 The phase 

For ?7, we write 

T] = r]+{iL^) + r]_{-iL^) . (C.31) 

Here, the first factor comes from the determinant on the space of holomorphic forms, and 
the second one from anti- holomorphic. Most terms in rj will cancel out, the Atiyah-Singer 
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index theorem gives us the number of non-matching modes for each t. We find that the 
regularized expression (IC.9P is given by 



t,l3 ^ ^ ^ 

= 35^t-sign(A(t,/3))|A(t,/3)|-^. 

t,/3 



We can rewrite this expression as 
J]t-sign(A(t,/3)|A(t,/3)r^ 

= 2 V + 2 V + 2AtY 



^t+it2)sign(A(t,/3))|A(t,/3)|- 



(C.32) 



(C.33) 



(27rt+ (I3,(t))y ^ (27rt- ' ^ (27rt)^ 



Here, is the dimension of the Cartan subalgebra for G, and we have without loss assumed 
that < M < 1. 

ZTTt 

Expanding this expression for small we find 



{2txY ^ ^ (2TTtY (27r)«+ 

/3>0 

= --Ag - c„ ArTr^^ . 
6 ^27r2 ^ 



(C.34) 



Above, we have identified the Riemann ^-function, and in the middle step and used its value 
at s = — 1 and its expansion for small s around s + 1. Cg denotes the dual Coexter number 
of the group G, and we have used the formula Yli i3>o i 'P) — — CgTrt/)^. denotes the 
dimension of G. Since the higher order terms in the first line brings extra factors of t in the 
denominator, the sum of t will converge and evaluating at s = gives zero. Therefore, we 
will only get a Tr0^ correction to the matrix model from the phase of the determinant. So 
finally, we find the phase of the determinant in f lC.6p to be given by the expression 

r/(O) = -^Ac,-CgATr0^ (C.35) 
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In conclusion, combining the above expressions (1C.30P and (IC.SSp . we find to be 



/,(0) = e-'^^^^o) ■ |/i(0)| 



nx 



e^(") , X 



(Ml 

27r 



where 



^ + x2ln(l-e-^'^^^) + -^^'^^~'"''^ , Li3(e-2--) ((3) 



TT 



27r2 



27r2 



(C.36) 



(C.37) 
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